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APPLICATIONS	

POLYNOMIAL	ROOT	–FINDING	HAS	MODERN	
APPLICATIONS	IN:	
•  COMPUTER	ALGEBRA	
•  CONTROL	THEORY	
•  SIGNAL	PROCESSING	
•  GEOMETRIC	MODELING	
•  FINANCIAL	CALCULATIONS	(Internal	Rate	of	
Return)	







Solution	of	Cubic	Equation?	
Found	by	Cardano	(16th	century)	

	
Solution	of	Quartic	Equation?	
Found	by	Ferrari	(16th	century)	

	
	

Solution	of	Quintic	equation?	
Never	found!	

		
	
	



Historical	Background	



Basic	Polynomial	



COMPANION	MATRIX	OF	p(x)		



Definition	
Eigenpair	of	a	matrix	



Theorem	





TOEPLITZ	MATRIX	





Comparing	complexities	

Comparing	Complexities	



There	are	many	methods	for	the	
approximation	of	the	eigenvalues	of	a	

matrix.	They	can	be	found	in:		
	

•  Golub,	MATRIX	COMPUTATION	
•  Stewart,	MATRIX	ALGORITHM	Vol.	2	
•  Watkins,	FUNDAMENTALS	OF	MATRIX	
COMPUTATIONS	



THE	POWER	METHOD	



Definition	of	an	eigenspace		



Generalization	of	Power	Method	



Basic	Theorem	1	



DOMINANT	EIGENSPACE	
	



Method	to	approximate	a	Dominant	
Eigenspace	





Matrix	Functions	



Basic	Theorem	2	



REPEATED	SQUARING	WITH	SCALING	
	



Basic	Steps	
	



NUMERICAL	TEST	FOR	REPEATED	
SQUARING	(CODES)	



NUMERICAL	TEST	FOR	REPEATED	
SQUARING	



Numerical	Test	
Table	for	Repeated	squaring	



	Approximating	Real	roots	of	a	
polynomial	



MOTIVATION	FOR	APPROXIMATING	
REAL	ROOTS	OF	A	POLYNOMIAL	



Main	idea	



Matrix	Method	to	Approximate	Real	
Roots	of	a	polynomial	

	



Apply	repeated	squaring	to	the	following	two	
matrices:	
	



Test	for	approximating	real	roots		



Table	for	Cayley	map	and	Root-
squaring	Algorithm	



3.2	“Matrix	free”	algorithm	to	
approximate	real	roots	



Cayley	Map	and	Root-Squaring	



Cayley	Map	and	Root-Squaring	
Algorithm	



COMPUTATIONS:	



COMPUTATIONS:	



COMPUTATIONS:	



COMPUTATIONS:	



NUMERICAL	TEST	FOR	CAYLEY	MAP	
AND	ROOT-SQUARING	ALGORITHM	

	



Additional	topics	



Matrix	version	of	Cayley	Map	
Algorithm	



Let	P=H(M)	



Real	eigen-solving	by	means	of	
factorization.	



COMPUTATIONS:	



COMPUTATIONS:	



COMPUTATIONS:	

Complete	the	computations	following	“Basic	
Steps”	starting	at	step	2.	
	
The	arithmetic	complexity	of	this	algorithm	is	
O(kn)	,	which	makes	the	algorithm	attractive	for	
real	polynomial	root-finding	as	long	as	it	
converges	for	a	reasonably	small	integer	k.		



BASIC	POLYNOMIAL	p(x)	



Basic	Theorem	1	

S ✓ Cn⇥n is an invariant subspace or eigenspace of a matrix
M 2 Cn⇥n if Mv 2 S for all v 2 S.

Stewart 2001, Vol. 2, [Theorem 4.1.2].
For all matrix bases U 2 Cn⇥r of an eigenspace U of M 2 Cn⇥n we
have MU = UL for unique matrix L = U

(I )
MU.




